We present an investigation on the propagation properties of the chirped Airy vortex (CAiV) beams through slabs of left-handed materials (LHMs) and right-handed materials (RHMs). We discuss the influence of chirped parameter C on the propagation of the CAiV beams through LHM and RHM slabs. Our simulation results show that a maximum accelerated velocity appears during the propagation process. The intensity concentration of the CAiV beams increases with the absolute value of the chirped parameter. The peak intensity of the CAiV beams changes abruptly, and the chirped parameter plays an active role on the difference of the maximum and the minimum. In the energy flow, we find that the effects of the chirped parameter on the strength of the vortex are different at different propagation distances.
The Airy beams (AiBs), as a kind of newborn beams, have become particularly interesting in recent years due to their unique properties. In 2007, the finite energy AiBs were intensively studied and experimentally demonstrated by Siviloglou [1] . With the properties of nondiffraction, selfacceleration [1, 2] , and self-healing [3] , the propagation properties of the AiBs in different materials, such as free space [4] [5] [6] , bulk nonlinear media [7] [8] [9] [10] [11] [12] [13] [14] [15] , and the non-Kolmogorov turbulence [16] , have been explored successfully. A vortex beam is a laser beam with continuous spiral phase distribution, and the propagation dynamics of the Airy vortex (AiV) beam have been analyzed theoreticaly [17] and experimentally [18] . Subsequently, the propagation properties of the Airy Gaussian vortex (AiGV) beams in righthanded materials (RHMs) to left-handed materials (LHMs) [19, 20] , and uniaxial crystals [21] have been studied. Compared with the RHMs, the LHMs have many unusual properties. The LHMs exhibit both negative effective permittivity and effective permeability. In 1968, Veselago first developed several amazing electromagnetic properties about the LHMs, such as opposite phase and group velocities, negative index of refraction, opposite radiation pressure, and so on [22] . Actually, natural materials with both negative permittivity and permeability do not exist. In 2001, by using composite materials, the material with the negative permittivity and the negative permeability in microwave was first successfully produced by Smith [23, 24] . Recently, the research about LHMs has received much attention [25] [26] [27] . On the other hand, in the optical fiber communication field, a chirp can be defined as a phenomenon where the signal frequency changes over time, and the frequency spectrum is widened before and after the pulse due to modulation. The chirped parameter is used to describe the chirped phenomenon. The first experimental demonstration of controling and using simple linear chirped laser pulses was carried by Melinger et al. in the early 1990s [28] . In the optical field, a chirp carried by AiBs was introduced by Zhang et al., showing that a linear chirp introduces a transverse displacement of the beam at the phase transition point, but does not change the location of the point [29] . The propagation properties of the chirped Bessel waves were investigated successfully in 2015 [30] . In a vacuum, the chirp increases the electron energy and influences the electron acceleration. There are nonlinear chirp and linear chirp, and in this Letter, we mainly study the linear chirp. We discuss how the chirped parameter acts on the propagation of the chirped AiV (CAiV) beams through LHM and RHM slabs.
To date, as far as we know, the propagation properties of the CAiV beams through LHM and RHM slabs have not been studied up til now. The research results in this article can be applied to long distance transmission, optical tweezers, curved plasma channels, and so on [31] , which is of great importance to the optical field. Hence, here we will mainly investigate the influence of the chirped factor on the propagation properties of the CAiV beams through LHM and RHM slabs in the optical field.
In the initial input plane (z ¼ 0), the optical field distribution of CAiV beams can be expressed as [1, 7, 19, 20] φ
where φ 0 ðx 0 ; y 0 ; 0Þ signifies the complex amplitude of the initial electric field, w 0 , w 1 , and w 2 , respectively, represent arbitrary transverse scales, 0 ≤ a < 1 is the truncation factor of the CAiV beams that make the finite energy, C is the chirped parameter, and Aið·Þ is the Airy function [32] . Figure 1 is the schematic diagram of the propagation system, in which we consider the initial input plane as the left side of the RHM slab in region one, and the CAiV beams propagate through the z axis. In Fig. 1 , the LHM slab in region two is closed to the RHM slabs in the region one and region three. In addition, the CAiV beams propagate through a distance of Z 1 and Z 3 in the RHMs, and a distance of Z 2 in the LHM. The interfaces of the schematic diagram are situated at z ¼ Z 1 , and
According to the schematic diagram we have discussed above, we begin to investigate the propagation properties of the CAiV beams through LHM and RHM slabs in subsequent sections. Under the paraxial approximation, the optical system from the source plane to the observation plane can be expressed as [19, 20] A
In Eq. (2), A, B, C , and D are transform matrix elements of the optical system, and n l , n r separately represent the refractive index of the LHM and the RHM slabs. Based on the generalized Huygens diffraction integral formula, in the case that the propagation distance z > 0, the optical field distribution of the CAiV beams through the LHM and RHM slabs under the paraxial approximation can be written as φðx; y; zÞ
where λ is the wavelength of the CAiV beams, and k ¼ ð2π∕λÞ is the wave number. Substituting Eq. (1) into Eq. (3), we acquire the analytical optical field distribution of the CAiV beams through slabs of LHMs and RHMs in a distance z, which can be formulated as
Qðx; y; zÞ
Ai½f ðxÞAi½gðyÞ;
Ai½f ðxÞAi 0 ½gðyÞ;
Equation (4) is the common analytic expression of the optical field distribution about the CAiV beams propagating through the LHM and RHM slabs. It is not difficult to find that chirped parameter C runs through every part of Eq. (4). Therefore, we conjecture that the chirped parameter plays an active role in the propagation properties of the CAiV beams through slabs of LHMs and RHMs. In the next section, we will analyze the propagation properties of the CAiV beams with different chirped parameters and demonstrate some regularities of numerical calculations.
In order to delve into the interesting propagation properties of the CAiV beams, we carry out some numerical calculations about the CAiV beams by using the formulas we have deduced above. We assume that a ¼ 0.1, w 0 ¼ w 1 ¼ w 2 ¼ 0.1 mm, and λ ¼ 632.8 nm. Therefore, the Rayleigh distance of the CAiV beams can be written as Z R ¼ ðkw Fig. 2 , we discover that the intensity distributions of the CAiV beams in the initial input plane are constant, regardless of the size of the chirped parameter. It is different from the CAiBs, where most of the intensity distributes in the side lobes. On the other hand, the phases of the CAiV beams present a spiral shape. In addition, the size of the chirped parameter influences the phase helical directions, where the phases of the CAiV beams with negative chirped parameters spin clockwise and the CAiV beams with positive chirped parameters spin counterclockwise. Furthermore, with the increase of the chirped parameters, the transformation of the phase of the CAiV beams from 0 to 2π will be faster.
The theoretical results for the intensity and the corresponding phase distributions of the CAiV beams with C ¼ 0.02 and a different topological charge m in the initial input plane are shown in Fig. 3 . In Figs. 3(a1)-3(a4), the intensity distributes in the side lobes, and the positions of the intensity distributions are different. As the topological charge m increases, the intensity distributions become more compact. In Figs. 3(b1)-3(b4) , it is obvious that the phase singularities are successive and distribute symmetrically.
Next, we will draw a series of plots from Eq. (4) Figure 4 is the threedimensional propagation stereogram of the CAiV beams with C ¼ 0.02 through the LHM and RHM slabs. The propagation distance of the CAiV beams propagating through slabs of LHMs and RHMs is 48Z R . From Fig. 4 , it is clear that when the CAiV beams propagate through the LHM and RHM slabs, they go through self-deflection with the shape of parabolic trajectory and then back to its original position at last. This property is related to the self-bending characteristic of the CAiV beams. The diffraction field of the CAiV beams' prior wave front goes through the coherent superposition, and then the maximum light intensity will deviate from the initial optical axis, eventually leading to a phenomenon that the propagation trajectory of the CAiV beams takes on the form of parabola. At the same time, the difference of the refractive index from the LHM and RHM slabs also influences the propagation path of the CAiV beams.
To explore how the chirped parameter acts on the propagation properties of the CAiV beams through the LHM and RHM slabs, we proceed to the following numerical calculations. By changing the chirped parameters, we obtain a regularity from Fig. 5. Figures 5(c) and 5(f) show the intensity side view of the AiV beams and the CAiB with C ¼ 0.02 propagating through the LHM and RHM slabs, respectively. In the propagation process, the accelerated velocity and the focused intensity change all the time. In the case that C > 0, the accelerated velocity and the focused intensity are weakened at about 36Z R compared with C ¼ 0. While C < 0, they are weakened at about 12Z R . Interestingly, if C > 0, the intensity concentration will appear at the distance of 36Z R . On the other hand, considering C < 0, the intensity concentration happens at the distance of 12Z R . Furthermore, the bigger the chirped parameter's absolute value is, the stronger the intensity concentration is.
Based on the above propagation characteristics, we analyze the corresponding intensity and the phase distributions in different propagation distances, respectively, with different chirped parameters. Figure 6 shows the intensity distributions of the CAiV beams through the LHM and RHM slabs at different distances in the case of different chirped factors. Overall, in region one, most intensity distributes first in the side lobes, and as the CAiV beams propagate, the main lobes are strengthened, and the side lobes are weakened, accordingly. In region two, initially, most intensity distributes in the main lobes, but as the propagation distance increases, the intensity transfers from the main lobes into the side lobes. At the distance of about 34Z R , the intensity miraculously flows in the main lobes. When the CAiV beams propagate through region three, its intensity returns to the side lobes from the main lobes, at last. The positions of the main lobes are different at some distances, like in Figs. 6(a2), 6(b2), and 6(c2). If the absolute values of the chirped parameters are equal, the distributions of the intensity are symmetric, for example, Figs. 6(a2) and 6(c6) and Figs. 6(a5) and 6(c3). Figure 7 shows the phase distributions of the CAiV beams propagating through the LHM and RHM slabs at different distances with different chirped parameters. From Fig. 7 , we find that the influence of the chirped parameters on the phase distribution is large, especially at the distance of 2Z R and 46Z R .
In order to show the propagation properties of the CAiV beams clearly and precisely, we investigate the centroid of the CAiV beams with different chirped parameters. Figure 8 describes the position of the centroid of the CAiV beams through the LHM and RHM slabs. It is clear that the trajectories of the centroid positions are different when the chirped parameters are different. It also demonstrates that the CAiV beams with positive chirped parameters have the maximum accelerated velocity at the distance of 36Z R , while with a negative one it corresponds to the distance of 12Z R .
In this section, we analyze the peak intensity of the CAiV beams with different chirped parameters and of the CAiB with C ¼ 0.02 propagating through the LHM and RHM slabs. As shown in Fig. 9 , the peak intensity of the CAiBs changes periodically, and it is smaller than the peak intensity of the CAiV beams. The first minimum of the CAiB with C ¼ 0.02 is at 12Z R , and the second one is at 36Z R . The maximum of the CAiB is at 25Z R . Compared with the CAiB, the peak intensity of the CAiV beams is volatile. When the chirped parameter takes a negative number, the first minimum of the peak intensity is smaller than the second one, and the first minimum of the peak intensity is larger than the second one when the chirped parameter takes a positive number. The maximum of the AiV beam is constant, and it is smaller than the maximum of the CAiV beams. Viewed as a whole, the positions of the maximum accelerated velocity and the peak intensity of the CAiV beams for the opposite sign chirped parameters are obviously symmetric.
To analyze the propagation properties of the CAiV beams through the LHM and RHM slabs, we investigate the energy flow of the corresponding process, which is always represented by the Poynting vector. The Poynting vector can be expressed as S ! ¼ ðc∕4πÞ E ! × B ! [33] , where c is the speed of light in a vacuum, E ! is the electric field, and B ! is the magnetic field. Meanwhile, we assume that a vector potential Ψ ! ¼ e ! x φðx; y; zÞ expð−ikzÞ is an x-polarized potential in the Lorenz gauge. The timeaveraged Poynting vector can be written as [34] 
where
use this formula to analyze the energy flow of the CAiV beams through the LHM and RHM slabs. From Eq. (12), we find that the energy that flows in the z direction is directly proportional to the intensity of the vector potential.
In Fig. 10 , we investigate the Poynting vectors of the CAiV beams with different chirped parameters propagating through the LHM and RHM slabs. The magnitude and the direction of the energy flow are described clearly by the arrows. The coordinate axis is the negative half axis. In Figs. 10(a1)-10(a7) , we take the chirped parameter C ¼ −0.02, and it is easy to see that arrows arround the vortex appear clearly in Figs. 10(a1) , 10(a2), 10(a3), and 10(a7). The vortex weakens gradually when the CAiV beams propagate initially, but strengthens in region three. Lastly, we can see that the vortex is very clear at 46Z R .
On the other hand, with different chirped para meters, the distributions of the vortex are different. The time-averaged angular momentum density can be written as [35] h
where positions are shown in Fig. 11 . From Figs. 11(a) and 11(b) , we discover that as the propagation distance increases in region one, the angular momentum becomes larger. When the CAiV beam propagates through the RHM slab, the angular momentum changes at a different propagation distance, but it is constant when the CAiV beam propagates through in region three.
In conclusion, we investigate the propagation properties of the CAiV beams through the slabs of LHMs and RHMs. From the results, one can conclude that the CAiV beams propagate through a unique hyperbolic trajectory on the whole. In the initial input plane, the topological charge plays a role in the intensity distributions of the CAiV beams, and the chirped parameter influences the phase distributions. In the LHM and the RHM slabs, the intensity and the phase distributions of the CAiV beams will be influenced by the chirped parameter. When the CAiV beams propagate through the medium, the intensity and the phase distributions of the CAiV beams will return to the initial plane in the RHM slab in region three. There is a maximum accelerated velocity at 12Z R or 36Z R , which depends on whether the chirped parameter is negative or not. The larger the absolute value of the chirped parameter is, the stronger the intensity concentration is. When the chirped parameter takes a negative number, the first minimum of the peak intensity is smaller than the AiV beam. Lastly, we discuss the energy flow of the CAiV beams through the LHM and RHM slabs with different chirped parameters and discover that the change of the vortex of the CAiV beams is influenced by the chirped parameters and the propagation distance. The longitudinal normalized angular momentum density flows of the CAiV beams changes with different propagation distances. 
